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Abstract~The map and blend technique constructs a function defined over the sph e that inter- 
polates to a discrete sample of meamn-ements at arbitrary locations on the sphere. This tedmlque 
consists of two differ~t mappings of the sphere to planar dmnalns, solving two corresponding scat- 
tered data interpolation problemm on the planar domains, and then the interpolant on the sphere is 
formed by blcmdin$ these two planar interpohmts. If the user has softw~e for solving the scattered 
data interpolation problem on aplanar dcmsaln, only a mnall programming effm-t is needed to imple- 
ment he map and blend interpolant onthe sphere. Although any inte~lpolant to scattered data on a 
planar domain can be used in our general technique, w  use the multlquadric radial basis method. 
1. INTRODUCTION 
Given n arbitrary points (zi,yi, z~) on the surface of a sphere S and associated real values f~, 
we address the problem of constructing a smooth function F(z, y, z) defined over all of S which 
satisfies F(zi ,  Yi, zi) = fi, for i = 1 , . . . ,  n. Without loss of generality, we assume that S is the 
unit sphere with its center at the origin. 
Applications of this problem include representing functions which estimate temperature, pres- 
sure, rainfall, ozone, etc. over all of the sphere S based on a discrete sample of measurements. 
Another application discussed in [1] is the modeling of closed surfaces as the projected surface 
graph of a function defined on the sphere. This approach eliminates the need to deal with pe- 
riodic end conditions. Using an interpolant over a sphere to vector valued data, a procedure is 
given in [2] that yields a near real time approximation for ray-casting volumetric rendering. 
If the data are sampled over a small region of the sphere, then this region can be mapped 
to a plane and any number of effective bivariate interpolants in [3-5] can be applied to this 
transformed ata. Unfortunately, if the data are sampled over the entire sphere, then mapping 
the sphere to a bounded planar region and applying a bivariate interpolant will not result in a C 1 
interpolant on the spherical domain S. Although we can't effectively solve this problem with one 
mapping to the plane, we will describe how to construct an interpolant by using two different 
mappings from the sphere to the plane. 
One approach to solving this scattered data interpolation problem is to simply use a trivariate 
interpolant to the scattered ata and restrict he evaluation to the sphere. If a trivariate version 
of Hardy's multiquadric (MQ) method [6-8] is used, then the restriction to the sphere is often 
effective, but it does not take advantage of the fact that the domain is really a 2-manifold 
in 3-D space. As pointed out in [9], simply replacing Euclidean distance in the MQ interpolant 
with geodesic distance on the sphere yields an interpolant with derivative discontinuities at the 
antipodal points of the given data points (zi, yl, zl). The antipodal point of a point p on the sphere 
is the point farthest away from p on the sphere. Using geodesic distance, a C 2 modification 
of the reciprocal multiquadric method is given in [9] for scattered ata on a sphere. Other 
effective xtensions of the planar multiquadric methods to the sphere are given in [10,11]. The 
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methods in [12-15] construct C ~ interpolants by forming a spherical triangulation of the data 
sites (z~, y~, z~). Their interpolants are defined piecewise over the triangulation i a manner similar 
to triangular based methods in the plane. Other "surface on surface" techniques are described 
in [14,16-18] that solve an interpolation problem over domain surfaces more general than a sphere. 
In the following section, we introduce the map and blend interpolant to scattered ata sampled 
on a sphere. This technique consists of two different mappings of the sphere to planar domains, 
solving two corresponding scattered ata interpolation problems on the planar domains, and then 
the interpolant on the sphere is formed by blending these two planar interpolants. The motivation 
for this technique is that much is known about scattered ata interpolation on a plane and many 
users have software to solve the problem on a planar domain. If the user has software for 
solving the scattered ata interpolation problem on a planar domain, only a small programming 
effort is needed to implement he map and blend interpolant on the sphere. Although any 
interpolant to scattered ata on a planar domain can be used in our general technique, we use 
the multiquadric (MQ) method in [8] because it is simple to implement, it yielded exceptionally 
good results in the critical testing in [3], and the interpolant has C °O continuity. Other effective 
radial basis methods that we used were the thin plate spline and the reciprocal multiquadric 
method. 
The map and blend interpolant, presented in Section 2, has C 2 continuity on the sphere. Several 
examples are given in Section 3 and it is observed that the spherical interpolant is well behaved 
even when the planar interpolants have undesired oscillations that are sometimes common ear 
the boundary of the planar domain. Variations of the basic method are given in the final section 
that involve apprc0dmation f noisy data and alternative choices for the blending functions and 
the mappings from the sphere to a planar domain. 
2. THE MAP AND BLEND INTERPOLANT 
The map and blend technique involves two different mappings of the sphere to planar domains, 
solving two corresponding scattered ata interpolation problems on the planar domain, and the 
interpohnt on the sphere is formed by blending the two planar interpolants. The standard 
"" < the sphere S is latitude/longitude mapping from the rectangie -~r <: u < ~ and ~ <~ v ~ to 
given by At(u, v) = (z, y, z) E S, where 
Al(u, v) = (cos(u) cos(~), sin(u) cos(v), sin(v)). 
The top edge in Figure 1 is mapped to the north pole (0,0, 1), the bottom edge is mapped 
to the south pole (0,0,-1),  and the left and right edges are mapped to the same half circle 
or meridian. That is, Al(u, ½) = (0,0,1) and Al(u,-½) = (0,0,-1) for -~r _< u < ~, while 
" _  Al(~r,v) - A I ( -~,~) for ~ < v ½. We will denote the half circle on the sphere from the 
south pole (0, 0, -1)  through (-1,0, 0) to the north pole (0, 0, 1) by G~, where 
i jjj 
{ - ;} G, = A~(~r,v) : -~  _< v _< . 
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Figure 1. The [n~ge of S under the rru~pping MI. 
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The mapping At is one-to-one if the domain is restricted to the interior of the rectangle and 
the image of this mapping is $1 = S -  G1, which is the sphere with the half circle G1 cut out. The 
inverse mapping of A~ from (z,y,z) G $1 to the open rectangle is given by Mx(z,y,z) = (u, v), 
where 
/ (a rccoe(~/ ) ,  arosin(z)), for ~ >_. 0 
MI(z,y ,z)  = ], (_arccos(~iLx_7~),arcsin(z)) ' for ~ < 0. (1) 
Figure 1 is the image of the mapping Mx and it is observed that the mapping is well behaved 
near the center of the rectangle and it is significantly distorted near the top and bottom edges. 
To define Mx over the entire sphere, we adopt the following convention for a point in the cut Gx. 
If (z,y,z) E G~, then y = O, z <_ 0 and z 2 = 1 - z ~. If (z,y,z) is not the north or south pole, then 
the definition of M1 in (1) yields Mx(z, y, z) = (g, arcsin(z)), which orresponds to the right edge 
of Figure 1. Therefore, the mapping in (1) is defined for all points on the sphere xcept he north 
and south poles. For consistency, we define Mx(0,0,1) = (g,~) and M~(0,0,-1) = (~,-~).  
Variations on this convention are discussed in Section 4 and it is observed that the definition 
of M~ on Gx has little effect on the interpolation method because the corresponding blending 
function is zero on G~. 
In addition to using the standard latitude/longitude mapping described above, we also use a 
similar mapping based upon an east pole and west pole. For -~  < u < ~ and ~ < v < ~, 
define the mapping to the sphere S by A2(u, v) = (z, y, z) E S, where 
A2(u, v) = ( -  cosCu) cos(v), sinCv), sin(u) cos(v)). 
The top edge in Figure 2 is mapped to the east pole (0,1,0), the bottom edge is mapped to 
the west pole (0,-1,0),  and the left and right edges are mapped to the same half circle on 
the equator. That is, A2(u,½) = (0,1,0) and A2(u,:~t) = (0,-1,0)  for -~r _< u < ~r, while 
A2(~r, v) = A~(-~r, v) for -~- < v < ~. The half circle on the sphere from the west pole (0,-1,  0) 
through (1, 0, 0) to the east pole (0, 1, 0) will be denoted by G~, where 
{ * G2 = A2( ,v) < v <_ . 
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Figure 2. The image of S under the mapping Ms. 
With the domain is restricted to the interior of the rectangle, A2 is a one-to-one mapping and 
the image of this mapping is $2 -- S -G2,  which is the sphere with the half circle G~ cut out. The 
inverse mapping of A2 from (z, y, z) E $2 to the open rectangle is given by M2(z, y, z) = (u, v), 
where 
/ (a rccos(~) ,  arcsin(y)), for z >_. 0 
M2(z,U,z) (2) ( ( -  a rccos(~) ,  arcsin(y)), for z < 0. 
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The mapping is well defined for all points on the sphere other than the east and west poles. 
The other points on the cut G2 ate well defined by (2) and they are msppod to the right edge 
in Figure 2 because z -- 0, z > 0 and z 2 + y2 _ 1. Following the convention used for MI, we 
define M2 at the east and west poles by M2(0, 1,0) -- (w, ~) and M2(0, -1,0) -- (w, -~).  
Figure 2 is the image of the mapping 2142 and the half circle cut GI is lfighllghted by the 
thick line segment in the center of Figure 2. Since GI corresponds to the boundary of Figure 1 
under the mapping M1, we observe that M2 is well behaved in regions on the sphere where MI 
significantly distorts the shspe. Similarly, the half circle cut G2 for the mspping M~ is highlighted 
with the thick line segment in the center of Figure I. The mapping M~ is well behaved in the 
regions that are distorted by M2. An important fact that is used later in this section is that G1 
and G~ do not intersect. 
The map sad blend interpolant to scattered ata sampled on the sphere is a blend of two 
bivariate interpolants defined on a planar domain. For the examples given in this paper, we use 
the multiqusdrie (MQ) b iv~ate interpolant with constant precision applied to data in the plane 
that have been mapped by MI and M~. Given n distinct points (u~, ~) in the plane and n real 
values f~, the multiqusdric interpolant is defined by 
n 
/Mq(U, = + 
where 
b,(u, v) = - u,)2 + _ v,)2 + 
and R ~ is a positive constant. A thorough discussion of the effects of the parameter R 2 is 
given in [19]. The function fMC~(u, v) is globally defined and it belongs to C °°. The coefficients 
a0, a l , . . . ,  an are computed by solving the system of linear equations of order n + 1 generated 
by the interpolation conditions/MQ(Z~, y~) = f~, for i -- 1,2,. . . ,  n, and the constant precision 
constraint that 
ft  
~-~ai = O. 
i.=1 
Let Fl(u, v) be the MQ interpolant on the plane that interpolates tothe data r l tU i~  [" (1), t)(1)~i ) = f i ,  
where ,~(u 1),i vO)~, = Ml(zi,y~,zi), for i = 1, . .. , n. Similarly, let F2(u,v) be the MQ interpolant 
on the plane that interpolates to the data F2(u~2),v~ 2)) = jr, where (u~ ~), v~ 2)) = M2(zi, yi,zO, 
for i = 1,. . . ,  n. For j = 1,2, these two interpolants satisfy 
Fj(Mj(zi,y~,z,)) = fi, for i=  1,... ,n. (3) 
The map and blend interpolant F(z, y, z) to the scattered ata on the sphere is defined by 
F(x, z) = Wl(x, y, z)FI(MI(x, y, + W2( , y, y, (4) 
where the blending functions Wj satisfy certain continuity conditions and 
W1(=,y,z) + W2(z,y,z) = 1 (5) 
for all (z, y, z) E S. Because of (3) and (5), we have that F in (4) satisfies the interpolation 
problem F(z~, y~, zi) = ~f~ for i = 1,. . . ,  n. 
For the C 2 examples hown in the following section, we will define W1 and W2 in terms of 
a single weight function W(u, v) defined on the rectangle -w < u _~ z and ~ ~ v _~ ~. 
Other blending functions are discussed in Section 4. The function W(u, v) is a C ~ piecewize 
biquintic patch (see [20]) with breskpoints in the u variable st -~,  -~,  ~, ~r, and breakpo/nts in
the v variable st -~,  0, ~. All first and second order partial derivatives of W at the brenkpoints 
are zero, all function values of W on the boundary are zero, and the function values of W 
at the two interior breskpoints (-~,0) and (-~,0) equal one. Because of the special zero/one 
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properties of W(u, v), we are able to get a simple compact expression for evaluation purposes. Let 
Ho(t) = (1  - t)a(1 + 3t + 61 ~) be the standard quintic Hermite function that satisfies H0(0) = 1, 
H~(0) = H~'(0) = 0 and H0(1) = H~(1) = H~'(1) = 0. With Hi(t) = 1 - Ho(t) and q = ~, we 
define the function W by 
W(ll, l)) "- Ro(u)RI( I )) ,  (6) 
where the C 2 piecewise quintic functions Ro(u) and Rt(v) are given by 
Ro(u) = 1, for <u_< ½ 
and 
{ Ht (~q+'~), for ~- < v < 0 
() Ho ) , fo r0<v~.  
Useful properties of W(u, v) in (6) are: W is a C 2 nonnegative function, 
--lr ~" 
W(u,O) = 1, for T ~u~2' (7) 
and 
W(u,v) - DdW(u,v) = D~W(u,v) = 0 (8) 
for all (u,v) on the boundary of the rectangle [ - r , r ]  x [-~, ~], where Da is any directional 
derivative operator. A plot of the function W(u, v) is given in Figure 3. 
Figure 3. The weight function W(u, v). 
The map and blend interpolant is defined for all (z,y, z) E S by (4) with W1 and W2 given by 
= + W(M2(z ,y , : ) ) '  
(9) 
where W(u,v) is given in (6). It is clear that Wl(Z,y,z) + W2(z,y,z) = 1 because of the 
normalized enominator in (9). It should be noted that the rational normalization is almost not 
necessary because we have observed that 
0.9999 < W(Mx(z,y,z)) + W(M2(z,y,z)) ~ 1.05 
for all (z, y, z) E S. This also means that evaluating (9) is stable with respect to round-off error. 
Since the denominator of (9) is approximately equal to one, the plot in Figure 3 is visually 
indistinguishable from the function Wj(Mj(z, y, z)), which is the same as plotting Wj(z,y, z) 
with the spherical domain mapped to the rectangle. 
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Because of (7)-(9), for j = 1, 2 we have that 
{0, if( ,y,z) ay 
1, if (z, y, z) E ai ,  for i ~ j. (1o) 
Note that for (I0) to hold, it is necessary that GI and G2 do not intersect. For (z,y,z) E Gy, it 
follows from (10) that the interpolant in (4) simplifies to F(z, y, z) -- Fi(M~(z, ~1, z)) for i ~ j. On 
the set Sj = S - Gy, we have that W(My(z, y ,  z ) )  is C 2 because it is the composition of My and 
the C 2 function W. As a point on the sphere approaches Gy from any direction, it follows from (8) 
that the function value and all first and second order directional derivatives of W(My(z,y, z)) 
approach zero, thus it is C 2 on the sphere. Therefore, Wj(z,y,z) is C ~ on the sphere and 
Wj(z, y, z) = DdWj(z,y,z) = D~Wy(z,y,z) = 0, for all (z,y,z) e Gy. (11) 
Although Fj(u, v) is C °O on [-7, ~r] x [~,  ½], Fj( Mj(z,y, z) ) is not continuous on the sphere 
as (z, y, z) approaches Gy. Since all second order derivatives of Fy(u, v) are bounded on [-~r, lr] x 
[-~,-~], it follows from (11) that the product W~(z,y,z)Fj(My(z,y,z)  is C ~ on the entire 
sphere because its function value and all first and second order directional derivatives on the 
sphere approach zero as an arbitrary point (z, y, z) approaches the half circle cut Gy. Therefore, 
the interpolant F in (4) is C 2 on the sphere. The interpolant F has constant precision on the 
sphere because both of the planar interpolants have constant precision and (5) holds. 
To summarize the computation of the map and blend interpolant, we first map the data points 
(zi, y~, z~) to the plane using M1 in (1) and we also map them to the plane using Ms in (2). Two 
planar MQ scattered ata interpolants Fl(u, v) and F2(u, v) are then constructed to the mapped 
data that satisfy (3). For an arbitrary evaluation point (z, y, z) on the sphere, we compute the 
corresponding planar points Ml(z, y, z) and M2(z,y, z), then compute the interpolant in (4) 
where the blending functions are given in (9). 
3. EXAMPLES 
The map and blend interpolant is applied to data sets farm known test functions in this section 
so that we can observe the effectiveness of the method. The first set of data consists of n - 93 
data points (z~, Yi, zi) that were randomly sampled on the sphere from s uniform distribution. 
The function values fi were computed by fi = Et(z~,~,zi), where the test function E1 is used 
in [6,8] and is given by 
El (z, y, z) -- exp(-2[(z - I) 2 -i- y2 + z2]) + 0.5 exp(-4[z 2 + (y - .707) 2 + (z - .707)2]) 
- 0.25 exp(-4[z 2 + (y + .707) 2 + (z + .707)2]). 
Figure 4 contains several functions defined over the sphere and plotted as bivariate functions 
over the plane using the domain mapping Ml(z, y, z). Figure 4(a) is a plot of the exact test 
function El(z, y, z), the surface in (b) is the planar MQ interpolant Fl(u, v), (c) is the func- 
tion Wl(z,y, z)El(z,y,z) plotted on the plane and (d) is the corresponding blended inter- 
polant Wl(Z,y,z)Fl(Ml(z,y,z)). Figure 5 contains imilar plots on the plane using the map- 
ping M2(z, y, z) together with the MQ interpolant F2(u, v) in 5(b) and the blended interpolant 
W2(z, y, z)F2(M2(z, y, z)) in 5(d). In both Figures 4(b) and 5(b), we observe that the planar 
interpolants Fl(u, v) and F2(u, v) are effective in the interior of the rectangle and they have some 
undesirable oscillations near the boundaries because there are few data points near the top mad 
bottom boundaries. Fortunately, the blending functions are near one in the intedor and they 
approach zero at the boundaries. The actual contributions to the interpolant F(z, y, z) in (4) 
are displayed in Figures 4(d) and 5(d). These two blended interpolants shown in part (d) of 
the figures are well behaved approximations to the blended exact functions hown in part (c) of 
Figures 4 and 5. Figure 6 displays the sum of both components of the map sad blend i B ~  
F(z, y, z) in (4) plotted over the planar domain using the mapping M1. The interpokmt in Fig- 
ure 6 is observed to be visually smooth and nearly indistinguishable from the exact test function 
shown in Figure 4(a). 
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Figure 4. Using the mapping M1, the test function E1 is in (a), the planar MQ 
interpolant F1 is in (b), the weighted test function W2 E1 is in (c), and the blended 
interpolation componesat W1 F1 is in (d). 
i i i ) ) / i  ) / i / /  iili~i ¸(( ..... 
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Figure 5. Using the mapping M2, the test function E1 is in {a), the planar MQ 
interpolant F2 is in (b), the weighted test function W2E1 is in (c), and the blended 
interpolation component W2F2 is in (d). 
We tested the interpolant on other data sets consisting of n = 60 and n = 140 points (z~, Yi, z~) 
randomly sampled on the sphere. Figure 7 displays contour curves on the spherical domain of 
the exact test function El(z, y, z) in (a), and the map and blend interpolants to the n = 60, 
93 and 140 data point sets are shown in parts (b), (c) and (d), respectively. The data points 
on the visible portion of the sphere are indicated by the small boxes. Other techniques for 
visualizing the interpolants over the spherical domain are given in [1], but they are omitted 
here because they require color. Figure 8 contains contour plots of the exact est function 
E2(z, y, z) = sin(x)sin(y)sin(z) in (a), while contours of the interpolants to the n --- 60, 93 and 
140 data point sets are shown in Figures 8 (b), (c) and (d), respectively. This test function was 
also used in [13]. 
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Figure 6. The map ~md blend interpolsnt defined on the sphere and plotted using 
M1. 
(b) 
(c) (d) 
Figure 7. Contours on the sphere of the test function E1 in (a), and the map 
and blend interpolants to n = 60, 93 and 140 points are in parts (b), (c) and (d), 
respectively. 
Observed iscrete rrors for the map and blend interpolant applied to the two test functions 
and the three different data sets are given below. The discrete rrors were computed by evaluating 
both the exact est function and the interpolant at 1802 nearly equally spaced points pj on the 
sphere using the triangular evaluation algorithm given in [1]. If we denote the absolute rror at 
a point pj E S by ej - IE (p j )  - F(pj)[, where E is the test function and F is the interpolant, 
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(h) 
(c) (d) 
Figure 8. Contours on the sphere of the test function E~ in (a), and the map 
and blend interpolants to n = 60, 93 and 140 points are in parts (b), (¢) and (d), 
respectively. 
then the RMS error is 
= 
j= l  
The RMS errors for test function E1 are 0.0054, 0.0017 and 0.00032 when the n = 60, 93 and 
140 point sets are used. The RMS errors for the interpolant on the E~ data are 0.0011, 0.00033 
and 0.00011 when the n = 60, 93 and 140 data point sets are used. We tested this approach on 
several other data sets and we compared the results with several other interpolants to scattered 
data on a spherical domain. The visual smoothness of the plots and the small discrete errors of
the map and blend interpolant compared favorably with the best methods that we tested. 
4. VARIATIONS AND REMARKS 
We discuss variations of the map and blend interpolant in this section, including the use of 
alternative blending functions, different projections from the sphere to the plane and other planar 
domain scattered ata interpolants. 
The first variation involves using additional periodically reflected ata points near the boundary 
of the rectangle for the bivariate interpolants Fl(u,v) and F2(u,v). Referring to Figure 1 for 
motivation, a data point near the right edge could be duplicated to the left of the left edge. For 
example, we consider a data point to be near to an edge if it is within ~ of the edge, although some 
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other tolerance can be used. For the interpolant Fx(n, v), we first compute (ffi~_, ~,) = M1(z,, yi, zs) 
for i = l , . . . ,n .  For i = 1 , . . . ,n ,  we perform the following tests: if ~ > ~,  then add the data 
point (u~ 2z', vl) to the list; if us < ~',  then add (us + 2~, vs) to the list; if es > ~, then add 
(-us, ~-v~) to the list; and if vs < -7~, then add (-us, -r-v~) to the list. For each point added to 
the ]/st, the correspanding function value fs is also stored. For the n = 93 point set, 27 new points 
were added outside of the rec~q~ [-~, w]× [~,  ½]. This technique isalso applied independently 
to data mapped by M2. By using the additional data points, the functions Fj(u,~) were observed 
to be more stable near the boundary of the rectangles than the correspoading functions hown in 
Figures 4(b) ~md 5(b). The observed discrete RMS errors for the planar interpolants FI and F2 
were also smaller when the additional points are used. However, the actual ccatributions to the 
interpolant F(z, y, z) in (4) are W~ (z, y, z)Fj ( Mj (z, y, z) ) for j = 1,2. These two products that 
use the additional data points are almost identical to the corresponding products hown in Figures 
4(d) and 5(d) which use only the n data points. For most of our test cases, the additional data 
points did not improve the effectiveness of the interpolant F(z, y, z) in (4) because the blending 
functions V~ approach zero near the boundary. There was a small observed improvement in some 
cases when the number of data points was small, such as when n = 40. 
The blending functions used in Section 2 made use of the C 2 piecewise biquintic function 
W(u, ~) in (6) that was defined in terms of the single quintic Hermite univariate function H0(t). 
By changing the definition of Ho(t) to be the C 1 cubic Herm/te function H0(t) = (1 -t)2(1 + ~), 
the resulting blending functions and the interpolant i  (4) are C x functions on the sphere. There 
was very tittle observed ifference in the RMS errors and the visual smoothness when this C x 
approach was compared with the C 2 approach in Section 2. To obtain higher degree continuity, 
the only change that is needed is in the definition of H0(t). To obtain C s continuity on the sphere, 
let Ho(t) = (I - t)4(l -I- 4t + 10t ~ + 20t s) be the Hermite basis function of degree 7 that satisfies 
H0(0) = 1, H~(0) = H~t(0) = H~"(0) = 0 and H0(1) = H~(1) = H~°(1) = H~(1) = 0. In this 
case, all directional derivatives of order 3 or less of W(u, v) will be zero on the boundary of the 
rectangle. The functions Wj (z, y, z)Fj ( Mj (z, y, z) ) will also have this property on the cut Gj, 
thus they will be C s on the sphere. Higher degree continuity can be obtained by using higher 
degree Hermite basis functions, assuming that the interpolants ~(u ,  v) on the plane have the 
same degree of continuity. Since the MQ interpolant is C °°, this can be attained. 
There are several other techniques for mapping the sphere to a planar region given in [21,22]. 
We briefly describe three mappings, other than the standard latitude/longitude mapping in Sec-
"tion 2, that we implemented with the map and blend approach. We first tried the Lambert 
cylindrical equal-area projection that essentially takes the image in Figure 1 and condenses the 
horizontal lines as the top and bottom edges are approached. Another standard projection that 
we used was the Mollweide elliptical projection. The image under this mapping is an ellipse where 
the north and south poles are mapped to single points, as opposed to being mapped to an entire 
edge. A similar mapping is the equal-area Hammer-Aitoff projection to an ellipse. We used all 
of these mappings because we expected better esults than those obtained in Section 2 using the 
standard latitude/longitude mapping. At first, we were surprised that the results were nearly 
identical. The reason appears to be that although there is more distortion ear the boundaries 
of the rectangle for the latitude/longitude mapping, this distortion is counterbalanced by the 
behavior of the blending functions which are near one in the interior and they rapidly approach 
zero on the boundary. 
Other scattered ata interpolants on the plane that we used included the thin plate spline 
method described in [3] and the multistage interpolant in [6]. These planar interpolants yielded 
effective results, however, the MQ interpolant on the plane generally ielded more accurate and 
smoother esults on the test data that we used. Since the thin plate spline and the multistage 
interpolants are C 1 on the plane, the map and blend interpolant on the sphere with these methods 
are also C x, even though the blending functions are C 2. For large values of n, a negative aspect 
of the radial basis techniques i that solving and storing the large n × n linear system of equations 
is costly. It is also observed in [19] that the coefficient matrix for the MQ interpolant is generally 
ill-conditioned for large n. To remedy this problem, a localized version of the MQ or thin plate 
spline can be formed by using the approach given in [23]. 
Scattered at,` interpolant $9 
We did not use any triangulation based interpolants on the plane for the ~(u ,v ) ,  such as the 
one in [24], because they are generally defined over the convex hull of the data and they would 
need to be defined over the entire rectangle. A simple approach for extrapolation i this setting 
is to define four new data locations at the four corners of the rectangle and define function values 
at these four points by using some least squares approximation. With data t the four corners, 
the convex hull of the triangulation would equal the entire rectangle. Extrapolating to the four 
corners is generally inaccurate, but since the blending functions are zero on the boundary, the 
definition of the function values at the corners will have very little effect on the blended interpolant 
in (4). Perhaps a more effective approach with a triangulation based interpolant would be to 
add more data points by reflecting the data periodically as suggested at the beginning of this 
section. The larger data set would contain the rectangle [-~,~] × [-~, ~] in its convex hull and 
thus extrapolation would be unnecessary. 
Although this paper has dealt with the interpolation of scattered ata sampled on a spherical 
domain, the map and blend technique applies equally well to the approximation of scattered 
data. If the data set is very large or if the data is known to be noisy, it is often desired to 
find a function F(z,  y, z) defined on the sphere that satisfies F(zi, #~, zi) ~ f~. If the functions 
F~(u, v) and F2(u, v) are effective approximation methods defined on the plane, then the function 
F(z,  y, z) in (4) can be used as an approximation on the spherical domain. 
For scattered ata sampled on a closed surface that is topologically equivalent to a sphere, an 
interpolation method is given in [18] that makes use of a fundamental scattered ata interpolant 
on a spherical domain. We used the map and blend technique for the fundamental spherical 
interpolant and we obtained excellent results on all of our test cases. This approach compared 
favorably in our testing with other "surface on surface" interpolation methods urveyed in [16]. 
In summary, the map and blend method can be viewed as a general technique for interpolation 
or approximation of scattered ata sampled on a sphere. If the user has software for an effective 
scattered ata interpolation method on a planar domain, only a small programming effort is 
required for implementing the map and blend technique for the sphere. In addition to the 
planar interpolation procedure and pertinent input/output routines, all that is needed are short 
procedures that evaluate Mj ( z , y , z) and W~ ( z , y, z ). 
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